Abstract. We develop a theoretical approach to characterize the dynamics of a plasma surface irradiated by a high-intensity electromagnetic wave. The method is based on the analysis of the harmonic content in the reflection of a probe field, which is aimed at the plasma simultaneously with the strong field. In particular, a explicit formula for the angles of reflection of these harmonics is derived, showing a particular distribution directly related to the frequency of oscillation of the vacuum-plasma interface. Also, a system of equations for the reflected field amplitudes is formulated, and solved numerically in some particular cases. The experimental implementation of this scheme would provide a direct test of the so-called moving mirror models, which presently provide a basis for the understanding of the intense field-plasma interaction.
Introduction
Over the past two decades, the constant development of the chirped pulse amplification techniques has led to the availability of coherent electromagnetic sources of unprecedented intensity. In close relation to this, the branch of nonlinear optics beyond the perturbative regime has lost its exotic character and become a fully established field. Due to the strong coupling with the electromagnetic field, the dynamics of the matter targets under these circumstances is extraordinarily difficult to elucidate. In most cases, even a numerical solution of the equations of motion becomes cumbersome, as the theoretical developments are strongly dependent not only on experimental progress in the field, but also on the progressive development of adequate computational tools. The first steps in the exact solution of the problem were made towards the description of one-dimensional single-electron model atoms [1] , which were soon followed by the complete three-dimensional (3D) computation of the hydrogen atom [2] . These efforts resulted not only in the confirmation of earlier analytical approaches, such as the KeldyshFaisal-Reiss (KFR) theory, but also in the close reproduction of experimental phenomena, such as above-threshold ionization, and the proposal of new effects (stabilization of ionization) which might be difficult to observe experimentally †.
In the quest to find situations which could help in the development of bright sources of high-frequency radiation, the field of intense laser-matter interactions has merged with plasma physics to study the dynamics of a solid target, which is almost instantaneously ionized by the electromagnetic field. The many-particle problem is inherent to such a macroscopic system and, therefore, the complexity of its treatment in the general case falls well beyond today's computing capabilities. However, a plasma cloud irradiated by such high-energy electromagnetic radiation permits us to adopt a classical mechanics approach, in which electrons are defined as particles with well defined momentum and position and, therefore, are governed by the Newton-Lorentz equation. Consequently, relativistic dynamics can be introduced to some extent in a quite straightforward manner, while in the quantum mechanical case this is complex even for a single-electron atom. Even though the classical approach simplifies extraordinarily the theory, the accurate following of the whole set of particles contained in a solid slab ( 10 23 electrons/cm 3 ) is not possible. This traditional problem in plasma physics is solved basically by adopting one of two different point of views. The first approach is to focus on the statistical properties of the ensemble of particles, by means of a charged-fluid description. The second approach, which is generally preferred in the problem to which we refer, is to retain the particle aspect of the problem by the definition of a pseudoparticle, i.e. a model particle which is considered to include a whole set of point charges. In the simplest approach, the particles belonging to a pseudoparticle move together as a whole, the latter becoming a finite-size charge that evolves accordingly to the equations of motion. Over recent years, so-called particle-in-cell (PIC) codes based in this approach [4] have dominated the scene in intense laser-plasma theory.
Contrary to expectations, the interaction of a plasma slab driven relativistically by a laser field admits a reasonable description in terms of a very simple approach. The so-called moving mirror models describe the plasma interface as a perfectly reflecting surface which moves under the influence of the incident electromagnetic wave in the same way as would a single negative charge bounded to an equilibrium point by a harmonic restoring force [5] [6] [7] . These models seem to be especially suited to describing the reflection from a plasma slab which is thinner than the absorption depth of the electromagnetic field. In this case, the complete reflection at the plasma surface may be substituted by the proper reflection coefficient, the model giving accurate quantitative results in comparison with the PIC calculations and solving the paradox of assuming a surface driven by a field which must vanish should the perfect reflection condition be attained [8] . These models are, nowadays, used in the prediction of new phenomena in the strongly relativistic regime, such as the generation of trains of attosecond pulses [9] .
In this paper we would like to address the problem of the detection and monitoring of the plasma surface oscillations in the laboratory, and therefore the potential reinforcement of the moving mirror approach by experimental validation. To this end, we have developed some predictions on the modulation of the reflection of a probe field, which is considered to be weaker than the pump field, responsible for the oscillation of the plasma surface. The following section will be devoted to the statement of the problem and the strategy for its solution, which will require a Lorentz transformation to a boosted frame. Section 3 will state and discuss the equation describing the distortion of the angles of reflection of the probe field, due to the spatial modulation of the oscillating surface. The next section, the last before the conclusions, will contain the derivation of a system of equations which determines the amplitude of the reflected harmonics and a worked example for some particular situation.
Definition of the problem
Let us consider the situation depicted in figure 1 : an s-polarized high-intensity electromagnetic wave (pump) is aimed at the surface of a plasma at a given angle of incidence ϕ. Assuming the field to be a plane wave, it may be written as
where ω m will refer later on to the frequency of oscillation of the moving surface (mirror), which doubles the pump field frequency. Simultaneously with the pump field, a weaker spolarized probe is also shone on the plasma surface at an angle θ . Due to the nonlinear oscillation induced by the pump field, the probe reflection (and also the pump reflection) will contain harmonics of the incidence frequency. We will describe the probe field as follows: Figure 1 . Geometry of the problem considered: (a) an intense pump laser is aimed at the surface of a plasma, inducing an inhomogeneous oscillatory pattern in the surface charge; (b) simultaneously, a weaker probe field is scattered by the surface in the form of a fan of harmonics.
The elongation of the plasma interface follows the instantaneous phase of the pump field (equation (1)) at every point of the surface. Consequently, the surface irradiated is inhomogeneously driven when the pump field is not directed perpendicularly to it. Since the philosophy of the moving mirror approach is to consider the mirror as being composed of individual electrons bound harmonically to the ion background, it is apparent that for the space-dependent force due to the pump field on the surface, the z component will affect mirror elongation, and the x component will induce inhomogeneous surface displacements of the charges, giving rise to a surface charge density modulation. Both effects have already been considered before separately [7, 10] , and will be included together in the present study. In any case, both displacements give rise to a rippled surface, which behaves as an active diffraction grating. Due to this, the probe field reflection will not only deviate from the flatsurface reflection angle, but also harmonics will be induced and scattered in different directions (angles α n of figure 1(b) ).
In order to take into account both spatial modulations, it is convenient to jump onto a boosted reference frame in which the pump field is seen to shine perpendicularly to the surface. In this new reference frame the phase of the pump field is constant along the entire surface, and no ripples will be observed. Figure 2 shows the choice of this primed reference frame. The velocity of the boosting is found by imposing the normal incidence condition in the primed system,
where B P z is the component of the magnetic field of the pump wave in the boosted frame, perpendicular to the plasma surface, and γ is the relativistic Lorentz factor. From this condition and equation (1) one can immediately find the required boost velocity and Lorentz factor,
The pump field in this new reference frame reads, therefore, as
with E P = E P cos ϕ and ω m = ω m cos ϕ. On the other hand, the Lorentz-transformed probe field may be simply written as
B i r , t = E i exp −iω 0 t + 1 c x sin θ + z cos θ cos θ e x − sin θ e z (10)
Although the transformation to a boosted frame is a general procedure in the mirror model calculations, and in the numerical simulation of oblique incidence of light on a plasma surface [6] , the validity of the mirror model in the boosted frame remains an open question. The motion of the mirror breaks the covariance in the same sense that the covariance is broken, for instance, when solving the Dirac equation for an electron moving in the Coulomb field produced by an infinitely heavy nucleus. However, one has to take into account that the mirror plays a passive role here (just a boundary condition).
The rainbow equation
As discussed before, the nonlinear and inhomogeneous surface oscillation will induce a reflection of harmonics of the probe field, scattered at different angles α n (α n in the boosted frame). The total reflected probe will, therefore, be of the form
As formulated in [7] , the motion of the surface along z is given by s (t ) = s 0 sin ω m t + ϕ 0 .
On the other hand, the perfect mirror condition demands that the electric field vanishes at the surface (in its instantaneous rest frame). Combining this condition with equations (9)-(12), we have
Since s (t ) evolves sinusoidally, the frequencies present in this equation must be of the form ω n = ω 0 + nω m . Integrating in time both sides of equation (13) we may find the corresponding equality for the potential vector
where t 0 = ϕ 0 /ω 0 , τ = t + t 0 and ξ = ω m /ω 0 = ω m cos 2 ϕ/(1 − sin ϕ sin θ). Equation (14) implies identical spatial variation for each element, therefore, which specifies the angular spread (rainbow) of the reflected probe field in the boosted frame. From the point of view of the laboratory variables, the rainbow equation (15) may be written as
with ξ = ω m /ω 0 . As specified by this equation, the harmonics of the probe laser are generated and scattered at different angles. One of the general lines of the scattering distribution is the angle ϕ, corresponding to the reflection of the pump field on a flat surface, which now is the limiting value for the direction of propagation of the higher harmonics (n± → ∞). On the other hand, the reflection at the fundamental frequency of the probe field follows the standard law of reflection, being scattered at an angle equal to the incidence. As plotted schematically in figure 3(a) , the negative orders are reflected at angles smaller than ϕ, or even negative, while the positive orders are scattered at greater angles, where θ is the maximum. Figure 3(b) shows the particular angle distribution of the reflection for a pump laser of wavelength λ 800 nm (similar to Ti:sapphire) and intensity 100 au ( 3.5 × 10 18 W cm −2 ), and a probe field of λ 260 nm (similar to KrF) and intensity 0.01 au ( 3.5 × 10 14 W cm −2 ). The pump field is aimed at the plasma surface at an incidence angle of ϕ = π/8 and the probe field at θ = π/4. In addition to the already mentioned structure, a close inspection of this latter figure reveals the absence of the lowest negative harmonic order n = −1. This surprising fact may be well understood in terms of equation (16) by noting the possibility of evanescent solutions of the kind |sin α n | > 1. For the particular case of figure 3(b) , only one order belongs to these shadowed solutions. More generally, the interval of shadowed orders is bounded as
yet, in all cases, will comprise only negative orders. The length of the shadowed region depends on the frequency ratio between the pump and probe field, as well as on the respective angles of incidence. It is, however, possible to plot a universal curve to estimate it, as is depicted in figure 4 . For every ordered pair (ϕ, θ ) a corresponding value of L = Nξ is plotted, so that the number of shadowed orders may be easily found as N = L/ξ . From this picture, it is clear that the shadowing can affect several orders in the limit ϕ → π/2 together with the condition ϕ > θ.
Intensities of the reflected field
Substituting equation (15) into (14), the following equality holds: with g n = f n e −inω 0 t 0 . Using the expansion exp −iz sin ω m τ = k exp −ikω m τ J k (z), a system of equations with g n as variables can be stated
Once solved, the field amplitudes in the laboratory frame can be computed from g n = g n cos ϕ/(1 − sin ϕ sin α n ), with α n given by equation (16). The amplitude of the mirror oscillation s 0 remains invariant in changing between the boosted frame and the laboratory frame, and can be computed using [7] 
with ω p ω m the plasma frequency, a P = 2eE P /mcω m the adimensional amplitude of the pump field potential vector and δ s the Fresnel reflection phase. This latter parameter may be computed from the Fresnel reflection coefficient in the boosted frame (normal incidence) as sin δ s ω m /ω p and, therefore, Figure 5 show the intensities of the reflected harmonics in the particular case studied in figure 3 (b), but scanning the angle of incidence of the probe field. As is shown, the intensities tend to diminish quite rapidly as the absolute value of the harmonic order is increased. This is basically a consequence of the small amplitude s 0 of the oscillation of the surface due to the huge plasma restoring force. The presence of shadowed reflections for negative orders is also apparent in figure 5(b) for the lowest orders, especially when the angle of incidence of the probe field is smaller than the angle of incidence of the pump wave.
Conclusions
We have developed a theoretical study of the reflection of a probe field by the surface of a plasma driven by a strong pump electromagnetic wave. When this latter field is directed at the plasma surface obliquely, the inhomogeneities induced in the surface charge dramatically distort its reflection properties. By means of a moving mirror approach, we demonstrate that, under these circumstances, a probe field will be reflected in the form of a fan of harmonics. An explicit formula for the angles of reflection of these harmonics has been derived, that predicts the absence of certain harmonic orders. In addition, the system of equations governing the amplitudes of the reflected probe harmonics is obtained, and solved numerically for some particular cases. The distortion induced in the reflected probe, therefore, provides useful information about the surface dynamics that could be used to give experimental confirmation of the moving mirror model.
